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General Marking Guidance

All candidates must receive the same treatment. Examiners must mark
the first candidate in exactly the same way as they mark the last.

Mark schemes should be applied positively. Candidates must be rewarded
for what they have shown they can do rather than penalised for
omissions.

Examiners should mark according to the mark scheme not according to
their perception of where the grade boundaries may lie.

There is no ceiling on achievement. All marks on the mark scheme should
be used appropriately.

All the marks on the mark scheme are designed to be awarded. Examiners
should always award full marks if deserved, i.e. if the answer matches the
mark scheme. Examiners should also be prepared to award zero marks if
the candidate’s response is not worthy of credit according to the mark
scheme.

Where some judgement is required, mark schemes will provide the
principles by which marks will be awarded and exemplification may be
limited.

Crossed out work should be marked UNLESS the candidate has replaced it
with an alternative response.
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General Instructions for Marking
. The total number of marks for the paper is 75.

. Edexcel Mathematics mark schemes use the following types of marks:
e ‘M’ marks
o0 These are marks given for a correct method or an attempt at a
correct method.
e ‘A’ marks
0 These are dependent accuracy (or sometimes answer) marks and

can only be awarded if the previous M mark has been earned. e.g.

MO Al is impossible.
e 'B’marks
0 These are independent accuracy marks where there is no method
(e.g. often given for a comment or for a graph).
e A and B marks may be f.t. - follow through - marks.
Marks should not be subdivided

. General Abbreviations

These are some of the traditional marking abbreviations that will appear in
the mark schemes:
e bod means benefit of doubt

¢ ft means follow through
0 the symbol \f will be used for correct ft
e cao means correct answer only
e €SO means correct solution only, i.e. there must be no errors in this part
of the question to obtain this mark
¢ isw means ignore subsequent working
e awrt means answers which round to
¢ SC means special case
e 0e means or equivalent (and appropriate)
¢ dep means dependent
¢ indep means independent
¢ dp means decimal places
e sf means significant figures
e * means the answer is printed on the question paper

|: means the second mark is dependent on gaining the first mark
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. All A marks are ‘correct answer only’ (cao.), unless shown, for example, as
Al ft to indicate that previous wrong working is to be followed through. After
a misread however, the subsequent A marks affected are treated as A ft, but
manifestly absurd answers should never be awarded A marks.

. For misreading which does not alter the character of a question or materially
simplify it, deduct two from any A or B marks gained, in that part of the
question affected.

If a candidate makes more than one attempt at any question:

e If all but one attempt is crossed out, mark the attempt which is NOT
crossed out.

o If either all attempts are crossed out or none are crossed out, mark all the
attempts and score the highest single attempt.

Ignore wrong working or incorrect statements following a correct answer.

PMT



General Principles for Further Pure Mathematics Marking
(NB specific mark schemes may sometimes override these general principles)

Method mark for solving 3 term quadratic:
e Factorisation
o (X*+bx+c)=(x+ p)X+0), where|pg|=|c

, leading to X=...

0 (ax’+bx+c)=(mx+ p)(nx+q), where|pg|=|c| and |mn| =|a

, leading to X=...

e Formula
o0 Attempt to use the correct formula (with values for a, band c).
e Completing the square

b2
o Solvingx*+bx+c=0": (Xiij +q+tc=0, g#0, leading to X=...

Method marks for differentiation and integration:
¢ Differentiation

o Power of at least one term decreased by 1. (x" — x")
e Integration

o Power of at least one term increased by 1. (x" — x"*")

Use of a formula
Where a method involves using a formula that has been learnt, the advice given
in recent examiners’ reports is that the formula should be quoted first. Normal
marking procedure is as follows:
¢ Method mark for quoting a correct formula and attempting to use it, even
if there are small errors in the substitution of values.
o Where the formula is not quoted, the method mark can be gained by
implication from correct working with values but may be lost if there is any
mistake in the working.

Exact answers

Examiners’ reports have emphasised that where, for example, an exact answer is
asked for, or working with surds is clearly required, marks will normally be lost if
the candidate resorts to using rounded decimals.

Answers without working

The rubric says that these may not gain full credit. Individual mark schemes will
give details of what happens in particular cases. General policy is that if it could
be done “in your head”, detailed working would not be required. Most candidates
do show working, but there are occasional awkward cases and if the mark
scheme does not cover this, please contact your team leader for advice.

PMT



Question Scheme Notes Marks
Number
1(a) 13 a 7 One correct equation in a and e.
ae=— or —=— Allow equivalent correct equations. B1
e 13 Could include — or + signs
Having obtained two equations in a and e
e.g. of the correct form i.e.,
a
a-Dem e Do ((0]] P ad 0=d p.g=0
13713 2 144 _ ¢ - M1
B3 13 7™ 169 solves simultaneously to find a positive
ora=—=-—S=—=¢’ = (—j value for e’ (no requirement for e > 1) ore.
2e  2e° 13 144 . .
Condone poor algebra provided a value is
obtained. May find a first.
1 1 :
e :é or IE or 1.083.
13 Al
Not iE unless negative value clearly rejected in this part.
(©))
(b) With any value for a, which might be seen
72 13 13 in part (a), and their e, uses a correct
13712 7 ( 13 ) eccentricity formula with correct
s ol substitution to find a value for b* or b.
b”=a (e _1) o Could be implied. May see M1
{bz — 6 {[5)2 _lj _ 2745 or b %} b =2a\/e2 —1oruse ofe.g.,
e= 1+% or ezg with ¢ =+/a’ +b’
2 2
Xy Xy Applies — o =1 correctly for their
a- b 36 % values. Not dependent.
Could use e.g., b*x* —a’y* =a’b’
e.g., 25x> —144y* =900
A correct equation in correct form. Requires all previous 5 marks but allow if 4
: : 13 : : .
marks with A0 in (a) for e == ) and negative value not rejected in part (a). Al
Any positive integer multiple. Allow equivalents provided variables on one side and
constant on the other and y* term has negative coefficient.
Just p=25,q=144, r =900 requires px’—qy’ =T to be seen.
Ignore wrong values for p, g, I following a correct equation (e.g., “q=-144")
Alt (x —%)2 +y’ = (%)2 (x— %)2 MI: Forms equation correct for their ae, e and 2
Using X —13x+12 4y =185 _13x+36 > B -y =2
PS? =e’PM? M1: Expands and reaches rx> —sy’> =t, r,s,t 0
Al: e.g., 25x* —144y* =900 as main scheme
3

Total 6
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Question Scheme Notes Marks
Number
2(a) 2-2 0 3
det (M _ AI) -l 0o -4-41 =3 Obtains an unsimplified
0 4 1 cubic expression for
- - det (M — AI) condoning M1
=eg,(2-1) [(_4 —2)(=4)-(-4) (_3)} ~0+3(0) sign/copying slips only.
or (2_,1)[(_4_/1)(_/1)_(_4)(_3)]_0+0 AlloW poor bracketing if
intention clear.
Sarrus = (2—4)(—4-4)(-4)—(2-4)(-3)(-4)
Note: It is possible to just use MX =AX e.g.,
2
—4y=71= yz—% and—4y-3z=1y = Az-3z :—%:wlz +41-12=0=...
Score the M1 for achieving a 3TQ in A from appropriate work condoning
copying/sign slips only
(2—/1)(),2 +4/”L—12):O or 1’+21°-201+24=0 or —A° 21" +2041-24=0
(2-2)(A-2)(2+6)=0 or (A+6)(2-2)(A-2)=0
A=—6 (1,=2)
dM1: Solves det (M - /II) =0 to obtain any value for A including 2. Not usual rules | dM1
—award for any value seen that is consistent with their equation. Al
The “=0" can be implied by a solution.
Note that they may disregard the (2 - /1) and solve a quadratic.
Al: -6 from a correct equation. Accept both solutions e.g.,"—6, 2" and allow if
mislabelled and/or —6rejected. No incorrect solutions.
Uses MX =AXor (M—ZI)X =0
2X+32=-6X with any of their non-zero
Mx=-6x = -4y-3z=-6y = x=..,Yy=..,2z=.. | eigenvalues (however obtained) to
-4y =-62 form simultaneous equations and M1
8x+32=0 solves. No requirement for a
(M+6I)x=0 =2y-32=0 = X=..,y=..,2z=.. | vector for this mark. There is no
_4y+62=0 need to check their values but
award MO for a zero solution.
Note: Could find vector product of first 2 rows of M — Al i.e.,
(8i+3Kk)x(2j—3k)=(—6i+24j+16k) (two correct components)
Correct method to
normalise their
X -3 -3 eigenvector no matter how
1 this vector is obtained
= =12 | ——| 12
y 324122482 provided it has at least 2 mi
z 8 8 non-zero components.
Only allow slips if there is
working.
N \ A correct normalised
. -3 T A . —6|  eigenvector in any form.
e.g, —| 12| or | 227 |or = |or 24 Note direction may be Al
217 8 8217 i V217 16 reversed.
217 217 May use i, j, k notation
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Question Scheme Notes Marks
Number
2(b) May use i, j, k notation
Multiplies position and direction by M (not e.g., M —AI)
In parametric form:
2 0 3)\(4+2u 8+4u—-3u 8 1
0 4 3 -1 |=.. 443 |=|4|+ul3
0 4 O)N —u 4 4 0
There is no requirement to extract the vectors if parametric form is used. Allow this
mark if e.g., 8+4u—3u written as 2(4+2,u)—3,u
Allow this work without a parameter i.e.,
2 0 3)\ 4 8 2 0 3)\ 2 1
0 -4 3| -1|= 4|>and |0 -4 3| 0= 3
0 -4 0)l 0 4 0 -4 0)-1 mi
or
2 0 3) 4 2 8 1
0 4 3|-1 O 4 3
0 -4 O0){ 0 -1 4 0
Alternatively:
Could find 2 points on |, transform them both and subtract to find direction.
Allow slips and condone the matrix product written the wrong way round provided
they have attempted to multiply the elements appropriately and they obtain a vector
(or 3 x 2 matrix) with the resulting values correctly placed.
Condone if they proceed to confuse which is the position and which is the direction.
Forms: r x direction = position x direction
Must not clearly confuse their
vectors. Allow
1 8 1 if RHS = direction x position.
rxl 31=]4 x| 3 Requires previous M mark. dM1
No requirement to calculate vector
0 4)\0 product but the RHS could be
implied by 2 correct components
(or the negative version if the
product is reversed)
1 -12 Any correct equation in the correct
exl3 e 4 form. Not b=..., ¢=... unless Al
rxb =c¢ seen. Isw once a correct
0 20 answer is seen.
(€))

Total 9
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Question Scheme Notes Marks
Number
3@) y = arsinh (\/ x* -1 )
1 L
For all Ways allow the final answer to be written as ——— or (X2 — 1) 2
(x2 - 1)5
Way 1 1 1 1
ay_ x—(xz—l) 2(2x)
dx S\ 2
1+( X —1)
M1
M1: Obtains - xf(x) oreg., —xf(x)  f(x)=k
X
\/ I+ (\/ 1)
Al: Fully correct unsimplified expression
B 1 X |
1ex? -1 % -1 W —1 qurect complegon with
\/ " 1 \/ X \/ 1 intermediate line of Al*
or e.g., =—X = * working and no errors
X Jx’ -1 Jx’-1
(©))
Way 2 1 L
Y y= arsinh(\lx2 —1) = sinh y =+v/X* =1 = cosh y% = E(X2 —1) 2 (ZX)
X
Takes dy M1
sinh | MI: Takes sinh of both sides and differentiates to obtain coshy—==f(x) f(x) =k | Al
dx
of both L )
sides Al: Fully correct unsimplified equation ' .
Correct completion with
cosh y = \/1+sinh2 y or J+x-1= dy 1T clear use of 1dent1ty (must AL
dx  x2-1 see more than just
cosh y = X)) and no errors
(©)]
Way 3 . . : .
ay y= arsmh(\lx2 —1) = sinh y =+/X* =1 = sinh® y = X’ =1 = 2sinh y cosh yj—y =2X
X
Takes | | . . a M
sinh & M1: Takes sinh of both sides, squares and differentiates to obtain csinh ycosh y& =f(x) f(x)=k
squares Al: Fully correct unsimplified expression or equation
Correct completion with
cosh y = \/1+sinh2 y or I+ X -1 = dy 1 clear use of identity (must AL
dx x*-1 see more than just
cosh y = X) and no errors
(©))
Way 4 = sinhy =+/x* =1 = sinh® y = x> ~1=>cosh’ y = 1+(X2 —1)3 cosh® y = x> = 2sinh y cosh y%: 2X
Takes M1: Takes sinh of both sides, squares, uses identity and differentiates to obtain Csinh ycosh y% =f(x) f (x) #k IXIII
:“:ll;rizs Allow sign errors with identity for the M mark.
‘g uses Al: Fully correct unsimplified expression or equation
identity N dy 1 Correct 'completion with clear use of Al*
dx x2—1 identity and no errors

(€))
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Question

Number Scheme Notes Marks
3(a)
Way §
Y = sinhy = Vx* —1 = sinh’ y = X’ 1= cosh’ y:1+(xz—1):>coshy= X = sinh y%:l
X
Takes ’ , , o . _ s v g Ml
sinh & M1: Takes sinh of both sides, squares, uses identity, roots and differentiates to obtain Csinh y& =f(X) or Al
squares & Allow sign errors with identity.
; de::ii; & Al: Fully correct unsimplified expression or equation
roots
N dy 1 Correct .completion with clear use of Al*
dx  x2 1 identity and no errors
(©))
Way 6 ez 1V
(X7 =1) 2(2x)+1
y =arsinh(\/x2 —1):> y= ln(\/X2 144X —1+1)= ln(\/x2 1 +x):>ﬂz H(x 1) 2 (29)
Uses log dx X~ 1+ M1
. . . . f(x)=k
fo“fl ‘l)lf M1: Use log form of arsinh correctly and differentiates to obtain L Al
arsin 1/)(2_14_)(
first Al: Fully correct unsimplified expression
ﬁ +1 w1+ -1 1 1, anect con‘lple‘qon with
== or - X ——= == intermediate line of Al*
VX —1+X \/X -1 \/X —1+x X -1 working and no errors
3

You may see other variations e.g., using exponential definitions, attempts via dx/dy. The M mark is for
differentiating to obtain correct forms and the first A is awarded if it is correct. The final A is for correct

completion.
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%ii;%g? Scheme Notes Marks
3( 1 .
(b) f(x):garsmh(\lx2 —1)—arctanx
1 1 A 1 1 M1
f'(x)= — f'(x)= + A=— 3orl
Sets A + 1220 A:l,30r1
Jx2 =1 1+ X 3
Denominator of derivative of arctan X
s ; must now be 1 + X2
I+ X" =3vx" ~1 Cross multiplies and squares to obtain the M1
1+2x* +x* =9x* -9 correct form for both sides so do not
condone e.g., (1 +X° )2 =1+ x* May see
the quartic obtained through equivalent
work.
X =7 +10=0= (X" =2)(x* =5)=0=>x"=2,5
Solves a 3TQ in x* (usual rules and one correct root if no working). No requirement
to see the terms collected. Ignore labelling of solutions so allow e.g., "X =2, 5".
One correct value for their equation if no working, which may be for X or X2, so just ddM1
look for the values. May change the variable. Allow for a correct solution with no
working from solving a three term quartic of the correct form on a calculator. Allow
if value for X’ is negative or if roots are complex. Requires previous M marks.
Both exact and no other solutions e.g.,
X =~/2 , NG is A0 unless negatives rejected. Must not Al
reject either correct solution.
Q)

Total 7
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Question
Number

Scheme/Notes

Marks

4(a)

sinh(A+ B) =sinh Acosh B + cosh Asinh B

There is no credit for proofs that do not use exponential definitions

{sinh Acosh B +cosh Asinh B =}

A B A B

eh—e” e’+e® ef+e” e-e
X + X
2 2 2 2
(eA —e*A)(eB+ e*B)+ (eA+ e*A)(eB —~ e*B)
4
Replaces two of the four hyperbolic functions with correct exponential expressions.
Condone poor bracketing. If they immediately start expanding this mark is only

implied by completely correct work (i.e., with exponential definitions correct) and
not just the fractions shown in the A1* note

or

e.g.,

M1

QMB _oBA | AB _ AB  AB  B-A_AB_ -AB

4
Expands numerator (or numerators if 2 separate fractions). Allow for sign errors
only with coefficients and indices and must see at least four terms (but count
terms which have been crossed out by cancelling)
Allow this mark for:

_efe® el tefe P —e e P e e e’ —efe P —e e

4
Must see at least four terms as before but the last mark will not be available unless

the requirements shown below are satisfied.

M1

~(A+ A+B _ o~(A+B) + ~(A+ + —(A+
~ DAt _ 9 (AB) Z(e e ) cAtB _ o (A+B) ( . 7(A+B)) eAB o (AB)
= or or or —\|¢€ —C or —
4 4 2 2 2 2

=sinh(A+B)*

Reaches sinh ( A+ B) with no errors. Condone if the

"sinh Acosh B +cosh Asinh B =" is missing at the start but the " =sinh ( A+ B)" or
“=LHS” must be seen.

All bracketing correct where required but condone an unclosed bracket. One of the
expressions shown or similar must be seen and allow —A-B used for —( A+ B).
Allow a “meet in the middle” proof and condone a “1=1"" style approach provided it
is complete. In both these cases a minimal conclusion is required e.g., “shown’ but

allow if both “LHS = ...” and “...=RHS” are seen.
Do not condone sinh and/or cosh written as sin/cos for this mark

Al*

Attempts that start with the LHS and do not revert to a “meet in the middle”
approach: Score the second M provided an eight term expanded numerator is
achieved. The first M is for two explicitly clear correct replacements of hyperbolic
expressions with two of sinh A, cosh B, cosh A and sinh B.

Condone if the sinh( A+ B) = is missing at the start in these cases but the RHS or

“...=RHS” must be seen.

€))
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Question
Number

Scheme Notes

Marks

4(b)

Condone the use of e.g., B for« or k for R for the first three marks but allow the A
mark if recovered which may be via a correct expression which might be in (c)

10sinh X+ 8 cosh X = Rsinh X cosh & + R cosh X sinh «
= Rsinha =8, Rcosha =10

Equates coefficients to obtain the two correct equations. This mark could be implied
by either correct elimination, i.e.,
R? =107 -8 or tanh @ = £ provided incorrect equations are not seen.

B1
(M1 on
ePen)

A complete attempt at finding a positive value for R:
By elimination:
R’ (cosh2 a —sinh’ a) =10°-8 = R*=36=>R=6

Allow this mark for R =v/10? +8> =241 or \/164. May just see e.g., R =2/41
Following a positive value obtained for & where o =klnp, k>0, p>1:

In3 + efln3

a=%ln9:ln3:> Rcosh(ln3)=10:>R(e J=10:>R=... {(SR=10=R=6)

In3 _ -In3

(S (5]

or Rsinh(ln3)=8:>R[ J=8:>R=... {4R=8=R=6}

Correct exponential definitions must be used but can be implied by correct work.
Allow if the 10 and 8 are mixed up and allow slips in solving

13*M1

A complete attempt at finding a positive value for  where ¢ =kIlnp, k>0, p>1:
By elimination:

4
tanha=§:>a=artanh 4 =lln 1+5 =.. =lln9=ln3
10 5) 2 |1-4 2

A correct logarithmic form must be used with a valid value for artanh (<I)
Following a positive value obtained for R:

2
sinha:i:a:arsinh(ijzln i+ (ij +1 | {=In3}
"6" "6" ”6” "6"

2
cosha=£:>a=arcosh 10 =In £+ 10 -1 {=ln3}
”6" "6" "6” "6"

A correct logarithmic form must be used with a valid value if using arcosh (>1)

The appropriate logarithmic forms could be implied by correct values.
Allow this mark if e.g., & is erroneously simplified but the value must be valid for
the inverse hyperbolic function.

If an exponential form is used to evaluate an inverse hyperbolic the form must be
correct and the solving of any resulting 3TQ (most likely in e” or €") must satisfy
usual rules with one root correct if no working. Note that using tanh leads to a 2TQ
which they must get one correct root for.

They must also proceed to a =klnp, k>0, p>1

2nd M1

6sinh(X+In3) or R=6and @=1In3 (or p=3)

Correct expression but allow values for R and « (or p).
If all the values are not seen in (b) then allow if they are seen in (¢) and they could
be seen embedded in a correct expression.

AO for additional solutions e.g., 6sinh(x+In3)

Al
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Question
Number

Scheme/Notes

Marks

4(c)

There is no credit for attempts that do not use part (b) so e.g., do not award marks
for attempts that apply exponential definitions to 10sinh X +8cosh X = 18v/7 but note
that it is acceptable to use exponential definitions with 6sinh(x+1In3)= 18/7.
Allow work with “made up” values for R and p provided R>0, peZ, p>1

6sinh (x+1n3) =187
= X =arsinh(3xﬁ)—ln3
N X=ln[3\/7+ (3ﬁ)2 +lj—ln3
187

||6||

Obtains X = arsinh( 18\/”7

J +In"3" or X£In"3" = arsinh( Jfrom "6"sinh(x * 1n"3") =187
and uses the correct logarithmic form to obtain an expression for, or equation in X in
“In”s only but condone loss of the —In “3” or +In*“3” after it has been seen.

If the —In “3” or +In“3” is immediately incorporated to make a single logarithm the
subtraction/addition law must be applied correctly.

Work must be exact and not in decimals.

c__-¢C
Ife.g.,C= arsinh(3\/7)is found using € ~¢

=37 , the exponential definition

must be correct and they must solve a 3TQ in e° satisfying usual rules (or one root
correct if no working) and proceed to a valid C=... (e.g., not In(negative)). This

also applies to attempts via
e><+ln3 A X-In3

6+=18xﬁ {: 3" —le™ =647 = 9™ 187 ~1=0= x=1n[8+3ﬁ}

3

3
and in such cases the X + In “3” must be handled correctly

Note that "3 _ g [7¢*™ _1 =0 = "™ =8+ 3/7 = x=In ( 8+ 3ﬁ] is also possible

M1

{x:mff +8Hm(ﬁ+§j

2
Correct answer in correct form. Accept e.g., In (25 +7 ) . Must be fully bracketed

correctly. Accept q=2% if ln(\ﬁ + q) is seen. No additional answers.

Al

2)

Total 9
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Question
Number

Scheme Notes

Marks

5(a)

2
¢ +ax+17=4) ¢ +x+ 2 |=a|[ x4 2| 20171 (2xs1y 416
4 2) 4 4

or 4X° +4X+17=4x> +4px+q=4px=4x=p=1, q+p*=17=q=16
B1: Either p or q correct B1: Both correct values in part (a). Allow from any/no work.
Values may be embedded within expression(2x + p)2 +0.

B1
B1

2

(b)

A=8, B=4 | Both correct values (accept if embedded) |

B1

0]

(©

Note that this is a Hence question and there is no credit for work on the original fraction

8X+5 8x+4 M1: For ...arsinh(f(x))

S -
N4xE +4x+17 \/2x+1 +16 VA +4x+17 f(x)#k or logarithmic

= larsinh[2
2

equivalent i.e.,

...ln[f(x)+ (f(x))2 +c) c#0

2 1
r %ln[zx+l+ (2X4+1) +1]+2(4X2+4X+17)2 M1: For ...(4X2+4X+17);

X +1

)+2(4x2+4x+17);

4
or ..((2x+1)’ +16);

I
2X+1+ (2x+1)2+16)+2((2x+1)2+16)2
Al: Fully correct integration

or lln
2

M1
M1
Al

Allow for equivalents in e.g., U if substitutions are used e.g.,

1
du=— ars1nh( j u=4x2+4X+17:>J—du:>2\/a
Ju’ +16 4 Ju

4sinhu :2x+1:>I

u=2x+1:>lj
2coshu IJ‘du_l

\J16cosh? u

Score the M marks for appropriate forms (sign/coefficient errors only). If they continue
working in terms of U the limits applied for the ddM1 must be correct for their substitution

which for the above examples would be 3 & 3,25 & & and arsinh(%) & arsinh(%)

Substitutes and subtracts with
1 . C.

J.l 845 4w— Larsinh [ 3 j 1 arsmh[ j L2252 f the given limits and uses'the
FVAC +4x+17 2 4) 2 appropriate form for arsinh

twice (if required). Results

2 2
jéln[%Jr (%j +1]—lln[i+ (%j +1J+2\/5_? fromseparateintegralsmust

2 |12 be combined. Allow slips but
the (%) terms (and no others)

must be subtracted. Not

implied by just the final

answer. Requires both
previous M marks.

Condone replacement of arsinh(g) with ln(x +ix*+a’ )

with a #1 instead of using arsinhx =In (X +X + l)

ddM1

arsinh(...) may be evaluated using correct exp definition & solving a exponential 3TQ

2 3

Correct answer in correct form. May be no further work following substitution but
there must be nothing incorrect. Allow k =%if k+1Inkis seen. Allow 1In%+4%

=11112—llnE 10—§ :i+llnﬂ
2 2 2 3 3

Al

Algebraic integration must be used. Answer or 1.47717... only scores no marks

)

Total 8
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Question

Number Scheme Notes Marks
6(a) x>y :
L A P(5cos8, 3sin )
25 9
1
{%:—SSinﬁ ﬂ:3c039} %+2—yd—y:0 y=(9_2x2j2
do do 25 9 dx 25
ﬂz_?ac?s@ dy 9 {2_45c9s9} dy  —lix {: 50050 } B
dx  5sind dx 25y L 75sin@) | dx 2/9-2x* | 249-9cos?@
: dy . dx  dx
Any correct expression for — in terms of &, or X and y, or X. Allow for a correct — or ——
X dy dy
Correct perpendicular gradient
i d
S 3 C?S ¢ =m, = Ssin¢ rule for their Y in terms of ¢ M1
5sin 6 3cosd dx
May see m; =—3cotd=m =3tan6d
y—3sinf = >sin 0 (x—5cos@) OR
3cosf
. i 16 . M1
y=MmX+C=3sinf = Ssin 6 x5cosfd+Cc=C :——651n0
3cosf 3
Correct straight line method with a changed gradient in terms of 8
Reaches given answer with
intermediate line of working and no
errors. Allow this equation written in
_ . _ reverse, X and Yy terms in different
3ycos@—9sinfcos O =5xsin @ —25sin&cos &| order provided they are together with Al*

= 5xsin@—3ycos@ =16sinfcos G *

the third term on the other side and
allow the products in a different
order provided the numerical
coefficients “5”, “~3” and “16” are at
the front of the terms.

The last three marks require P (5 cosd, 3sin 6?) to be substituted but condone using

e.g, 295—Xy as the normal gradient when forming the straight line provided appropriate
substitution is seen before the given answer.

“)
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Question Scheme Notes Marks
Number
6(b) AtQ, x=0 = y=—1sind Correct y coordinate of Q. Accept unsimplified B1

' 2
Accept X=3cos#, y=—Isiné

M iS(500s6’+0 3sin6’+’—‘§sin9']

Correct method for midpoint for both
coordinates with their Y,,. Could be implied.
Alternatively, award for Mi
AOPM =1A0PQ = x4 x%sin@x5cos @
(see area examples below)

e.g.,
: 16
PQ meets x-axis at R ?cos 0, 0

= Area AOPM = AOPR + AOMR

:lxgcosﬁ(3sin9+zsin9J
2 5 6

Correct unsimplified expression for area of
AOPM

Do not allow recovery from a negative area.

Can only follow incorrect work i.e., an M1

incorrect midpoint if

AOPM =1 AOPQ is used.

Please see below for alternatives

If shoelace method is used, score for a correct “extracted” expression for the area

(allow with modulus if correct) e.g., —

= %‘(5 cos@)(—Zsin@)—(3cos0)(3sin 9)‘ or %[(5 cos@)(Zsin@)+(3cos0)(3sin 6’)]

1[0  Scos@ 3cosé O

210 3sin@d —i£sind 0

10
{z 23—0 sin@cosf= ? sin 249} = (area :) ? Correct area following a correct expression Al

2 and justification: From 2 sin 26 : max (value) of sin260 is 1 or e.g., —1 <sin26 < 1
or states 6 =% or 45 or obtains this using differentiation: {2} sin 20 = {X} cos20=0= ...

Do not accept if there is any wrong statement e.g., sin26 < 1, -1 < sin 26 < 1 but we will

condone the ambiguous “sin 26 is between 1 and —1” Al
From any other expression: Must differentiate (unless rewrites as 1sin 26)
e.g., 2sinfcosb %(cosz 0 —sin’ 9) = L0520 =0 or tan’@=1=0=% or 45°
Ignore any further differentiation to justify maximum
)
Total 9

/

May see:
AOPM =1AO0OPQ =1x1x1sinfdx5cosd

(Scores the first 2 M marks together since M is not
required — ignore an absent or wrong M)
AOPM = AOPQ-AOMQ

1Ix1sinfxS5cosf—1xLsinfx3cosd
AOPM = APQS —AOMQ —APSO
= 1x(1£5in 6+ 35in 6) x Scos O — L x Lsin Ox 3 cos O — L x 3sin Ox 5cos 0
{=125in 0 cos @ —Lsin G cos - L sin G cos 6}
AOPM = PSTU - APSO - AOMT —APMU
=5c0sOx(3sin@+Zsinf)—1x3sin@x5cosf
—1x3cosfxZsinf—Lx(5cosf—32cosd)(3sinf+Zsinb)

(125 _15 35 _ 125\
{—(6 s _ 3 24)s1n6’cost9}

Note that attempts that start by using Pythagoras for PM will also require the perpendicular distance from
O to the line

PMT



Question
Number

Scheme Notes

Marks

7

yzln{tanth 1 <x<2

(@)

dy_ 1 ><lsech25 or e.g., lcoth5 |- tanh? 2
dx X 2 2 2 2 2
tanhE

lsech2 X
2 2

y
or :>artanh(ey):§:> © ﬂ:l:ﬂ:lcothz 1—tanh? X
2 1—e¥ Jdx 2 dx 2 2 2

. . . .. d .
Obtains an expression for (or equation involving) d_y of appropriate form. Condone

or e’ =tanh§:> tan h y =
2 2 Jdx

sign/coefficient errors only and any 7 s written as X but no “y”’s. Do not condone

missing “h”s in hyperbolic functions unless they are recovered

M1

2 x X 2
1+ dx = 1+ sech dX or e.g., 1+ cosh —
2tanh 251nh cosh 3

Applies arc length formula (with or without the integration sign) with their —y which may
X

have been simplified incorrectly before substitution. Do not condone attempts that clearly
have worked backwards to deduce that the derivative is cosech X. Also condone incorrect

2
. d : L
work processing 1+ (d—yj provided the expression is shown as square rooted afterwards.
X

2
Not dependent. Ignore any multiplier such as 7z or 27 or K but forming y /1 +(ﬂj is MO
dx

M1

1 ’ 1Y
I+ —/—88 | — 1+( - )
\/ [2smh§cosh§] sinh X

2
Uses identity/identities (sign errors only) to obtain , [1+ [d—y] in terms of X and not
X

Attempts that square the derivative and add the 1 first before attempting to convert
to X must be convincing.
Requires both previous M marks.

ddM1

2 )
’ h™ x+1 2
1+ — ! =/1+cosech’x = Szjzcoth xdx or e.g., = Sm_—de:> S =I coth xdx
sinh X ! sinh” X 1

Obtains given answer with no errors and at least one non-trivial intermediate line
following the first expression in terms of X. Allow without "s =" but RHS must be
exactly as printed. Allow a “meet in the middle” approach but it must be convincing

2
and J.l coth X dx must be seen.

No missing “h”’s in hyperbolic functions or missing arguments even if recovered.

. . . 2.
We will condone the occasional notational error e.g., sech 3" if recovered

Al*

C))
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Question

Scheme Notes Marks
Number
7(b) I coth xdx =1n (sinh X)

Correct integration. May see —In(cosech x)

B1
May see the sinh X in exponentials without the “2” which may come from the
substitution u=¢e* —-e*i.e., ln(eX —e‘x)

et sinh1
e

M1
Following replacement of j coth xdx with £In(sinh x), £In(coshx), £In(cosechx) or+In(sechx),
substitutes given limits, subtracts and writes as a single logarithm. Condone sign errors if

exponential forms used and may use negative powers of e.
et -1
e _——

1 1
2 2 4_ (e+)(e—) e+e ' )(e—e
1.1n ‘13 =In 26 " =ln[ea—1] or 2.=1In ANEILPA NV or In w
e —_

e —e 1 (e—e’l)

e _——
€ e (§
(‘32 _e-z)(e+e-1) sinh 2 2sinhlcoshl
=In — or4. In| — =ln| ——
e —¢ sinh1 sinh1
Following use of correct exponential form for sinh/cosech:
1. Obtains a correct In of a single fraction (or product of single fractions) with no
negative powers of € or
2. Uses difference of two squares to correctly factorise numerator or

3. Applies correct multiplier to achieve expression shown or
4. Correctly replaces sinh2 with 2sinhlcosh1 allowing equivalent work e.g.,

2
sinh 2 (2C05h21—1) -1 \/4cosh41—4cosh21
_ = = s=1In+4cosh’1
sinh1 \/ cosh’1-1 cosh’1-1

Requires previous M mark.

(e2 +1)(e2 —1) 1 1)| Obtains given answer from
L. s=ln e(e 1) =In (ng or 2&3. s = ln(“g) complete and correct work.

1
2

= —e! ¢ -2 .
1,2&3. ln£e 26 J—ln[e 2e ]zln T or 4. ln(sinh2)—ln(sinh1):ln(smhzj

e’—e? e+e’
or 3.=1n — X -
e—¢ e+e

dM1

Minimum for each route

1 | N Al*
e+e shown.
or 4. s=In(2coshl) or ln(2( 5 D—ln(e+gj Allow ln(e“+e)

Algebraic integration must be used

Note that there are potentially other ways e.g., factorising followed by log laws:
In (

e T R T

€

sl (s s et

€

4
Total 8




Question

Number Scheme Notes Marks
8 L= (X" (k=x)rdx N30
n_'[ox (k—x)2dx n>
If d(...) notation is used marks are only scored when it is removed.
Please see overleaf if the split is done first
1 3
@) u=x"  u=mx""  Vv=(k-x) v:—g(k—x)Z
k kK » 3
I, = [——x (k—x)2 } —I —=nx"" (k—x)2 dx
3 o, J0 3 M1
M1: Uses parts in the correct direction to obtain an expression of the form Al
3 3
£ (k= x)2 £ j X (K= %)z (dx)
A1l: Correct expression (limits not required on either part and ‘dx’ may be missing)
3 1
Applies (k —x)2 = (k—x)(k—x)2
K | to integral. Could be implied if work
( | —) 0+= 2 nJ. X! (k - X)(k - X)E dx | correct but do not accept going straightto | dM1
3 J0 2 2
"—nkl, , —=nl_ "
3 3
Requires previous M mark.
Expands and writes RHS in terms of both
|, and I ie,RHS= .l _ +..1 withno
k other terms.
%nj( K1 k X (k X)l jdx This mark is not a\iailable until the
3
) 0 ) 5 {..X” (k— X)Z} disappears.
= =n(kl__, -1 =knl__, —=nl 0 ddM1
3 (Kl =1y) or 3 " o3 " | Allow if actual integrals are used for both
, & i 5 i |, and/or |, and allow going straight to
—knjx”’l(k—x)z(dx)——njx”(k—x)Z(dx) 2 7
3 3 ) .
0 0 3 knl_ -3 nl, provided the split was
seen.
Requires both previous M marks.
:>(1+zn] =20l or =220~ 2y
3 3 3 3
| - 2kn N
" 342n "
Reaches given answer with no mathematical errors seen. Allow poor bracketing if it
is recovered. There must be at least one non-trivial intermediate line where the LHS
Al*

=f(n)l, allowing e.g., 1, +21 =
2nkl

Allow minor variations in given answer e.g., |, = 1+ 3
n+

k

Condone missing ‘dx’s and allow if limits only seen once but[—% X" (k— X)Z}
0

must be replaced by “0” or better

(6)]
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Question

Scheme/Notes Marks
Number
8(a) ko, 1 kKo, _L Koon _1 K ooy 1
I, =IO x" (k—x)> dx=jo X" (k—x)(k—x) 2dx:_|.0 kx" (k —x) 2dx—'|.O X" (k—x) 2 dx
Alt n l K k n-1 l n+1 l ‘ k n l
:{—ka (k—x)z} +.[0 2knx"" (k —x)2 dx+[2x (k—x)Z} —IO 2(n+1)x" (k—x)2 dx
Split 0 0 ki
first = 0+2knl _, +0-2(n+1)I, = @B+2n)l, =2knl,_ =1, = T2 I *
+4N
For attempts like this award the first 2 method marks together for applying the split,
expanding and applying parts to achieve a correct form. The first accuracy mark can
be awarded for a correct expression (limits not required on either part and ‘dx’s may
be missing). As main scheme for the following two marks (note that in this case the
first and third terms must both be replaced by “0” or better).
There is no mark for just applying the split. S

PMT



Question

Number

Scheme

Notes

Marks

8(b)

k 1
I xz(k—x)de:% | = 2kn I
0 280 3+2n

Attempts |, in terms of |, or
I, in terms of |, and |, in terms of |
Accept with their |, substituted
if 1, attempted first. Allow |, =1 to be used
(i.e., |, lost)

See note below if only see |, in terms of |,
k

M1

1, = (K= x)2

Limits do not have to be seen or applied

IO:Jj(k—xﬁdx:[—g(k—xﬁ}

0

M1

2
l, :&xgk
3

3 7
116
5

k2 ﬂ:
105

"3

k=..
280
. a
=——where a, beZ",—¢Z ,c=50r7
280 b

. a, -
Solves an equation of the form —k?

and where the LHS is their |,. No processing or working requirements just look for

a value or numerical expression for k from an appropriate equation.

zln[MJ
May see k=¢ ‘'

or other logarithmic work.
Requires both previous M marks.

ddM1

Note that —

16 2
105

kizﬂj

280

k= 5} 2187 or 0.668...
16384

kg 273 Ly 2187
128

= =
16384

3

4

Correct exact value for k from a correct equation.

ot 7

16384

3
nor +—

4

Al

2 34 s 4 8
1 —gx(k—xy—qg(k—xy}O:Tgw

Using parts:
3

Note that if |, is only found in terms of |, then award the first two marks together

when a correct form for |, is achieved i.e.,

(KX k) o k) (k)

Using substitution:

1 3

x(k—x)2 dx=| - = (3x+2K) (k- )2
0 15 0
There are no marks if the reduction formula is not used including direct attempts at

k

u=k—-x =1, =

_4e
15

I, orif k= 2 is arrived at by purely solving the integral equation on a calculator

“4)

Total 9
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Question

Scheme Notes Marks
Number
9 May use i, j, k notation
o) 3 1 2 Calculates the vector product of two
n=|0|x|-2|=.. -5 vectors in //, M1
1 2 -6 (two components correct)
Calculates the scalar product of a point
5 5 in the plane and their normal. Not
dependent but must follow an attempt at
3[|-5|=... {-5} a vector product which could be poor, M1
0/ —=6 e.g., 3i+2k. Value must be correct if
there is no indication of a correct
method to evaluate the scalar product.
2 5 2 Any correct Cartesian equation, e.g.,
=5|=|3|.|-5|=2Xx-5y-62=-5 —2X+35y+62=35 Al
-6 0| -6 2X-5y—-62+5=0
(&)
Alt X=5+3s+t Forms simultaneous equations in X, Y, z,
. y=3-2t =eg,y+z=3+s s and t and obtains an equation that M1
Sim 7=5+2t eliminates at least one of s and t
eqns
L MI1: Proceeds to an equation in X, Y and
X=5+3(y+z-3)+1z-3(y+2-3) Z only M1
x=3y+3z-3 Al: Any correct equation with terms Al
collected

€))
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Question Scheme Notes Marks
Number
9(b) IX—5y—62=-5, Sx—2y+3z=1 Uses both plane equations to eliminate one
B variable. May see M1
Way 1 = eg, 12x-9y=-3 21y +362 =27, 21x+272=15
3y—-1 4x+1
eg. 4X-3y=—1=x=2Y— = y=
__ 4 3
5(3y-1 4-15y+5+8 9-17 12z2-9
32:1_M+2y: y y:zz_y:y:
4 _ 12 —7
Expresses one variable in terms of the other two (single underlining) or expresses two
variables in terms of the other one (double underlining). This work may be seen by setting a dM1
variable equal to a parameter to find the other variables in terms of the parameter (or the
parameter in terms of the other two variables) e.g.,
-1+32 9-74
=i x=(2), 2=p(1) {mx-"E y-n 22
y=4, A=f(x), i=g(2) {:wl: 4X3+1, y=4, A= 1227_9}
See examples below. Requires previous M mark.
ddM1: Correct method to form RHS of
vector equation. Allow slips but must not
be a clearly incorrect method (e.g., point
and direction confused, all non-zero point
coordinates the wrong sign, no attempt seen
.8 ] | oor implied to obtain single coefficients for
ax+1_ y= 12z2-9 Xt y-0_z-3 the variables in the numerator where
3 —7 3 1 — | necessary). Allow this mark if the point is
later changed by multiplication e.g.
~1+32 9-72 ged by muitip & ddM1
ore.g., X= , V=4, 1=——"T">= _1 3 _
g 2 y T (4.0, 3) becomes (-1, 0, 3) Al
-1 3 oy 9 Condone missing r =...
—or=| 0[+4] 1 loregr=| 0l+4] 12 Allow this mark if (r—a)xb(=0)or
3 -1 3 -7 rxb =axb are appropriately used.
Requires both previous M marks.
Al: Any correct equation (with any
parameter). Do not condone e.g., | = ...
Do not isw if the point is changed by
multiplication.
3y-1 5-9z  x-0 Lz-3 42 +1 5-74 0 1 @
x=2¥Y 2 2772 X0 Y75 Sorx=A, y=Lil 2T lral 4
4 7 1 3 —7 3 9 5 .,
examples 59 99
- _ 5 y_9 g_ _ _ 7 7
5 7x:9 7y=z:>x 7 _Y—7_12 Oorx=5 9/1,y:122 9322/1:”: o Y
12 1 7 =7
1




Question Scheme Notes Marks
Number
9(b) Work may be minimal if they obtain a correct point.
But do not accept just sight of an incorrect point without some evidence of an
Way 2 appropriate method to obtain it.
2X=5y—-6z2=-5,  5Xx-2y+3z=1 | Assigns a value to one variable to obtain
Finds | Lety=0=2x-6z=-5 5x+3z=1 two equations in the other variables or M1
point or = eg, 12x-9y=-3 eliminates one variable as in Way 1.
and Solves or assigns a value to one variable to
takes 1 5 find values for the other variables.
vector = 12x=-3=x=-3,y=0,2=5 There is no need to check a point that arises
product May see (()’ 1, %) or (%, 2, ()) from no working provided it is clear that the dM1
of previous M mark has been scored.
normals Requires previous M mark.
Note that a point could be obtained via substituting the given form of I, intoIT, and expanding
(M1) and then finding values of S and t that satisfy the equation and then finding a point (dM1)
Calculates vector product of normals (two
components correct) and forms RHS of vector
equation (allowing for copying slips but must
b 5 97 1 97 not confuse point and direction). Allow this
4 mark if the point is later changed by
=5 x| =2|=|-36 =] 0|+4 =36 multiplication. ddM1
-6 3 21 3 21 Condone missing r =...
Allow this mark if (r - a) xb (z 0) or
r xb =axb are appropriately used.
Requires both previous M marks.
Any correct equation in this form (with any
. 7 . 9 parametf;r). Do not cgndpne e.g.,l=..
4 4 Do not isw if the point is changed by
=r= 0|+A|-36|oreg,r=| 0|+A|-12 multiplication. Al
3 21 3 7 Correct points will have the form
(30271 , a, 971;{1)
Q)]
Way 3 Finding 2 points on the line and subtract for direction e.g., Finds (—% , 0, %) (M1dM1 as Way 2)
2 points Then finds (0, 1, %) => direction = (%, 1, - %) = forms RHS of vector equation (ddM1)
Then A1l for a correct equation
“

Correct points/positions include:

0 (=) (3 (1) (4 (- () (2
1 0 2 s 1 -3 -1 3
) ) ) () W ) y)

PMT



Question
Number

Scheme

Notes

Marks

9(c)

Note that use of their line from part (b) must be seen to score any marks in (c)

L 9
r=| 0|+4] 12|=
3 -7

n

4(~1+92)-3(122)~(2-72)=0=>7A=1= 21 =1

—++91

3
4

124
-7

1

Substitutes the parametric form
of their line (allow slips but
must not clearly confuse
position and direction) from (b)
into //, and solves for A

The “=0" could be implied by a
solution.

M1

=(9(3)-1. 12(3), -7($)+3) =
Substitutes their A into their line and obtains a point/position vector with values for
all coordinates/components. If there is no working at least two
coordinates/components should be consistent with their equation or parametric form.
Isw if the point/position is altered by multiplication.
Requires previous M mark.

dM1

(2,3, -1)

Correct point. No others.
Allow X=.., y=..,Z2=...
and condone as a position
vector. Do not isw.

Al

(€))

Total 10

PAPER TOTAL 75
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